In the present work, it is shown that the averaged fidelity measured for a bipartite state, which has been designed to diagnose whether the state is entangled, can be also applied for demonstrating steerability. If the state is unsteerable from Alice to Bob, it can be proved that the averaged fidelity has an upper bound, named non-steering threshold, and it is just dependent on the measurement performed by Bob. Based on the calculation of the non-steering thresholds, for two-qubit case, several criteria for steering can be obtained.
I. INTRODUCTION
The concept of steering was introduced by Schrödinger in 1935 [1] as a generalization of the Einstein-Podolsky-Rosen paradox [2] . Steering infers the fact, in a bipartite scenario, an observer can effect the state of a far remote system through local measurement. Specifically, if Alice and Bob share an entangled state, Alice can remotely steer Bob's state by performing measurements only in her part of the system. In 2007, Wiseman, Jones and Doherty [3] formally defined quantum steering as a type of of quantum nonlocality that is logically different from nonseparability [4, 5] and Bell nonlocality [6] . Quantum steering can be understood as the failure of a hybrid local hidden variable (LHV)-local hidden state (LHS) model to simulate quantum correlations between Alice and Bob.
The present work would focus on the problem to judge whether a bipartite state is steerable from Alice to Bob under certain sets of measurement. Many criteria have been proposed for this task [7] [8] [9] [10] [11] [12] [13] [14] . It is known that steering is stronger than entanglement, say, whenever the steering is in presence, the state should be entangled. This fact indicates that one may study the steering and entanglement in a similar scheme. Based on this general principle, one may naturally ask: Is it possible for us to apply a similar experiment method, which has been designed to diagnose whether a bipartite state is entangled, to verify whether a state is steerable? In the following, a partial answer to this question could be given.
One of the well-developed protocols for demonstrating entanglement is to measure the averaged fidelity with a set of designed input and target states. There is an upper bound, the so-called (fidelity) benchmark for the averaged fidelity, if the bipartite state is not entangled. and the state is shown to be entangled when the experiment data exceeds this benchmark [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In the present work, a similar experimental method is available for demonstrating steering. It can also be proved that for the nonsteerable states form Alice to Bob, an upper bound for the averaged fidelity, the so-called nonsteering threshold exists. The non-steering threshold is only dependent on the measurements performed by Bob. The state * wxhscu@scu.edu.cn † taozhou@swjtu.edu.cn is shown to be steerable if the measured averaged fidelity exceeds this non-steering threshold. For two-qubit case, several criteria, which are based on the calculation of non-steering threshold, will be obtained in the present work.
The content of present work is organized as follows. In Sec. II, we give a brief review of steering. In Sec. III, a detail introduction of the non-steering threshold is given there. In Sec. IV, the geometric threshold for the two-qubit case is defined. Several examples are given in Sec. V and Sec. VI. Finally, we end our work with a short conclusion.
II. QUANTUM STEERING
Consider an unknown quantum state W shared by Alice and Bob. Alice performs N measurements on her subsystem labelled by µ = 1, 2, ..., N , and each with d outcomes a = 1, 2, ..., d. Upon a chosen measurement µ and a measurement outcome a, the state of Bob's subsystem changes into the state ρ a µ with probability p(a|µ). The set of unnormalized quantum states {ρ a µ } a,µ , whereρ a µ = p(a|µ)ρ a µ , is usually called an assemblage. In 2007, Wiseman, Jones and Doherty [3] formally defined quantum steering as the possibility of remotely generating ensembles that could not be produced by a local hidden state (LHS) model. A LHS model refers to the case where a source sends a classical message ξ to one of the parties, say, Alice, and a corresponding quantum state ρ ξ to another party, say Bob, supposed that Alice decides to perform a measurement µ, and the variable ξ instructs the output a with the probability p(a|µ, ξ). In addition, it is usually considered that ξ is subjected to a distribution ω(ξ), ω(ξ)dξ = 1. Bob is ignorant of the classical variable ξ, and his final assemblage is composed bỹ
and the probability that the outcome is a when a measurement µ is performed by Alice observe, is expressed as
The definition of steering in present work comes directly from the review article [7] : An assemblage is said to demonstrate steering if it can not be decomposed into the form in 
III. NON-STEERING THRESHOLD
In the field of quantum information and computation, entanglement is one of the most important quantum resources. In order to verify whether a bipartite state W is entangled or not, a widely used protocol is to decomposed it as a pure (entangled) state and a one-sided quantum channel [15, 16] ,
The discussion on above expression can be found in Appendix A, and for simplicity, the density matrix τ is diagonal in present work. Based on this decomposition, the state W is a mixture of product states if and only if the channel ε is entanglement-breaking (EB) [15, 16] . A well-developed experimental method, designed to verify whether ε belongs to the set of EB channels, is to measure the averaged fidelity with a set of designed input and target states. If the channel is EB, the averaged fidelity should have an upper bound usually called (fidelity) benchmark [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . If the measured data exceeds this benchmark, one may conclude that ε is not an EB channel. Before applying the mentioned protocol to demonstrate a state is steerable from A to B, some denotations should be first introduced. For a normalized state |ψ , a capital letterΨ is used to denote the corresponding projective operator,Ψ = |ψ ψ|. For a matrix C, say , C = i,j c ij |i j|, its transpose is C T = ij c ij |j i|, C * denotes the phaseconjugation C * = i,j c * ij |i j|, and C † , which is defined 
with the probability p(a|µ) = Tr(Π a µ τ ),
, and there is a constraint for the inputs
As shown in Appendix A, with the state W expressed in Eq. (2), the conditional states ρ a µ can be rewritten as 
Let A ⊗ B = Tr[A ⊗ BW ] be the expectation value of the operator A ⊗ B, and as proven in Appendix A, one has such a relation
from which an experiment protocol can be offered to measure the fidelity. Denote q µ the probability that the µ-th measurement is performed, N µ=1 q µ = 1, and then, the averaged fidelity is defined as
If the assemblage {p(a|µ)ε(Ψ a µ } µ,a } has a LHS decomposition, there should be
and the probability p(a|µ, ξ) could be interpreted as the value ofΠ a µ in the local hidden-variable (LHV) model. For the set of µ-th measurement operators {Π a µ |a = 1, 2, ..., d}, the closure condition
ρ in Eq. (10) is a density matrix, and it can be formally decomposed asρ = ν λ ν |λ ν λ ν |, with λ ν the eigenvalues and |λ ν the corresponding eigenvectors. Denote the largest eigenvalue by the cross normρ × = max |φ φ|ρ|φ [27] , and one can define the non-steering threshold (NST) as
Here,ρ × is a function of the variables p(a|µ, ξ), and F NST is the maximum value of it. Together with the results Tr[ρ ξρ ] ≤ F NST and ω(ξ)dξ = 1, it can be found that F NST is an upper bound of F LHS avg , F NST ≥ F LHS avg . Therefore, once the experiment data F avg exceeds this threshold 
IV. GEOMETRIC THRESHOLD
For qubit case (d = 2), a geometric picture is convenient to characterize an arbitrary density matrix ρ = 1 2 (I 2 + r · σ), with σ = (σ x , σ y , σ z ) the Pauli matrices and a threedimensional Bloch vector r = (r x , r y , r z ). The geometric length of r is denoted by |r| = r 2 x + r 2 y + r 2 z . Furthermore, the two measurement results by Alice are usually denoted by a = +, −. Then, the projectors for the µ-th measurement can be expressed asΠ ± µ = (I 2 ±r µ · σ)/2 withr µ a unit vector, and the target states can be written aŝ
Now, one may introduce a quantity
and by the constraints p(+|µ, ξ) + p(−m|µ, ξ) = 1, it can be obtained that −1 ≤ A(µ, ξ) ≤ 1. In fact, A(µ, ξ) may be viewed as the pre-determined value of the operatorr µ · σ in an LHV model. Definer = µ q µ A(µ, ξ)n µ , the stateρ in Eq. (10) isρ = (I 2 +r·σ)/2, and obviously, ρ × = (1+|r|)/2. For the qubit case, with target states expressed in Eq. (14), the so-called geometric threshold is
which is related to F NST via a simple relation
, the averaged fidelity can be rewritten as
Now, a criterion for demonstrating steerability for a two-qubit state W can be given
which is equivalent to that in Eq. (13) . According to the expression in Eq. (2), two-qubit Werner state [29] is characterized by a density operator τ = I 2 /2 and a depolarizing channel ε(Ψ) = (1 − η)I 2 /2 + ηΨ. Selecting the target states the same as the corresponding input states, Φ ± µ =Ψ ± µ , one has the averaged fidelity F avg = 1 2 (1+η), and Based on it, such a conclusion is available: If the inequality η > |r| max (19) is satisfied, Werner state is steerable from A to B.
V. THE OPTIMAL STRATEGY
According to Eq (2), if W is a maximally entangled state, one has τ = I d /d, and ε is an identity channel, ε(ρ) = ρ. SetΦ
* , the largest value of the averaged fidelity can be obtained F avg = 1, and this result is independent on the choice of target states. On the other hand, the nonsteering threshold is generally dependent on the measurement performed by Bob. By an additional assumption that aΦ a µ = I d , an optimal strategy can be defined as follows: Under the number of the settings and the probability of each setting is fixed, a set of target states is optimal if it will give the minimum value of the non-steering threshold. Formally, the optimal NST can be defined as
and for two-qubit case, it can be easily transformed to the geometric threshold.
In the follows, two specific results for two-qubit case will be exhibited, and the detailed derivation is discussed in Appendix B. First, for N = 2, q µ = 1/2, the optimal NST is F
2 ) under the choiceΦ
, and one can have the statement: the state W is steerable from A to B, if the inequality
is satisfied. Secondly, for N = 3 and q µ = 1/3, the optimal choice for the target states isΦ
, and the optimal non-steering threshold is
3 ). This result states that: If the inequality
is satisfied, the state W is steerable from A to B. Actually, both of inequalities above have appeared in the previous work by Cavalcanti and Skrzypczyk [7] , where twoqubit Werner state has been applied in the derivation, and in present work, the proof shows that the two inequalities are state-independent and optimal.
VI. CONTINUOUS SETTINGS
In above sections, the number of the measurements in experiment settings is finite. In this section, two examples described by continuous values are considered, where the number of measurements by Bob is infinite.
Example I.-A unit vectorn, which is the Bloch vector of the target state, is randomly chosen from thex-ŷ n(φ) = cos φx + sin φŷ,
with a single variable φ, 0 ≤ φ ≤ 2π. Meanwhile, one has a probability distribution q(φ) = 
with |r| max = 2/π a tight-bound. Our result can be stated as: If the inequality
is satisfied, the state is steerable from A to B. Unliken(φ), how the vectorr(φ) is defined with φ, is not specified here.
A similar criteria was given by Jones and Wiseman through a different proof [10] .
Example II.-The unit vectorn is randomly chosen from the surface of the Bloch sphere, and can be expressed with two two parameters θ and φ, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π n(θ, φ) = sin θ cos φx + sin θ sin φŷ + cos θẑ.
With the probability distribution q(θ, φ) = 
The geometric threshold, |r| max = 1/2, is a tight bound. If the inequality
is attained, the state is steerable from A to B. Certainly, the criteria above is also a known result in previous works.
VII. DISCUSSIONS AND CONCLUSIONS
Let ε EB be an arbitrary entanglement-breaking channel, and it has been shown that the assemblage {p(a|µ)ε EB (Ψ a µ )} a,µ always admits an LHS decomposition [7] . With F EB (a|µ) = Tr[Φ a µ p(a|µ)ε EB (Ψ a µ )], and F EB avg = µ a q µ F EB (a|µ), the benchmark can be defined as
with {ε EB } the set of all entanglement-breaking channels. As it has been shown in previous works [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , the benchmark is usually dependent on the actual choice of the input and target states. From Eq. (7), it is shown that benchmark is dependent on both the measurements performed by Alice and Bob.
Similarly, in this paper, a non-steering threshold is proposed to demonstrate the steerability of bipartite states. Non-steering threshold has some difference from entanglement benchmark, since non-steering threshold is only dependent on the measurements performed by Bob, and by optimization over measurements, the minimum value of the non-steering threshold is available. Moreover, a scheme where the averaged fidelity can be measured is considered, where it is shown that the experiment data of an averaged fidelity can be applied to demonstrate whether the state is steerable or just entangled but may be unsteerable. We expect that our results could lead to further theoretical or experimental consequences. In the recently work, Leifer and Spenkens [30] demonstrated that there are two different ways to decompose a state W into an pure entangled state and a one-sided quantum channel. The relation between the two decomposition protocols has been discussed in details. For the sake of self-consistence of present work, a formalism for the decomposition of W is also develop here. Before one can complete this task, some denotations should be introduced, where a bounded matrix in H d is related to a vector in the enlarged Hilbert space H ⊗2 d . Let A be a bounded matrix in a d-dimensional Hilbert space H d , with A ij = i|A|j the matrix elements, and an isomorphism between A and a d 2 -dimensional vector |A is defined as
where |S + is the maximally entangled state for
|kk with |ij = |i ⊗ |j . This isomorphism offers a one-to-one mapping between a matrix and its vector form. For three arbitrary bounded operators A, B, and ρ in H d , one can have 
or
with ρ A and ρ B the reduced density matrices for Alice and Bob, respectively.
Proof: With Γ m |ki = i|Γ † m |k , and kj|Γ m = k|Γ m |j , and by partial trace operation
Introduce a set of Kraus operators ε B|A :
and one can check that ε B|A is a completely-positivetrace-preserving (CPTP) map by verifying m B †
The Krause operators for the CPTP map ε A|B are denoted by
There is a simple relation between the two sets of Krause operators,
which has a little difference from the result in [30] since a transpose operation appears here. This difference comes from the fact that the Choi-isomorphism is used for the description of the ε in the present work, while the Jamiolkovskiisomorphism is applied in [30] . In this paper, the case where Alice steers Bob is considered, and the decomposition in Eq. (A3) is used. It coincides with Eq. (2) with ε B|A = ε, ρ A = τ . The definition and the calculation of the conditional state are given in previous works. Here, we shall give a description of the conditional states when the decomposition in Eq (2) has been used. The measurement performed by Alice is characterized by a CPTP map M. If Alice's measurement is restricted to the projective measurements (PM), the Krause operators reduce to the projective operators
Then, the final states after Alice's measurement is W ′′ = M ⊗ I d (W ), and with Eq. (2), it can be formally rewritten as
, where
For the isomorphism defined in Eq. (A1), the following relation holds a rank-one PM operatorΠ = |π π|,
For a normalized pure state |π
|i , and therefore, Π * = |π * π * |. With the relation above
With the definition of the input states, there is
Finally, there should be
If the outcome result a is obtained, the unnormalized conditional state is p(a|µ)ε(Ψ a µ ). Now, the target state are fixed to be a rank-one projective operator. The fidelity is defined as the overlap between the target and the unnormalized conditional state, say
, can be arrived at by the following algebra,
where, the property of the isomorphism in Eq. (A2) are used in the first two rows, and the fact that the expectation Π a µ ⊗Φ a µ is a real value is applied in the third row from bottom.
Appendix B: Discrete settings
Here, we assume that A(µ, ξ) takes one of the values, −1 or +1. In the end of Appendix C, we shall prove that the geometric threshold calculated here keeps unchanged if the more general condition, −1 ≤ A(µ, ξ) ≤ 1, is applied.
With a suitable basis, two unit vectorn i , (i = 1, 2) can be expressed aŝ n 1 = sin αx + cos αẑ,n 2 = − sin αx + cos αẑ,
with 0 ≤ α ≤ π 2 . Now, the vectorr can be constructed in four different ways,r
One may focus only on the two vectorsr +± sincer −± = −r +± . With the denotation f ± = |r +± |, we have f + = cos α, and f − = sin α. Formally, the optimal value can be expressed as
In the parameter range 0 ≤ α ≤ π 4 , max{f + (α), f − (α)} = cos α, and min α cos α = √ 2/2, while if π/4 ≤ α ≤ π/2, max{f + (α), f − (α)} = sin α, and min α sin α = √ 2/2. Therefore,
can be obtained when α = π 4 . Under this condition,n 1 and n 2 are two orthogonal unite vectors,n 1 ·n 2 = 0.
Consider the case τ = I 2 /2 and a depolarizing channel ε(Ψ) = (1 − η)I 2 /2 + ηΨ, and with two measurements,
It is a known result that when η = √ 2/2, the assemblage { 
a set of local-hidden states are defined as
and the assemblage { 
The target states are designed asΦ
, and under the same condition η = √ 2/2, the averaged fidelity is
. From the argument above the geometric threshold |r| opt max = √ 2/2 is tight since it can be attined by an LHS assemblage.
For the case the measurement number N = 3, besides the two vectors in Eq. (B1), another unit vectorn 3 is defined aŝ n 3 = sin θ cos φx + sin θ sin φŷ + cos θẑ,
with θ and φ as free parameters 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π. If the probability of each setting is fixed as q µ = 1/3,r has eight possible compositions denoted as
Similarly, one may only consider the vectorsr +±± sincē r −±± = −r +±± . Now, two functions f i (α, θ, φ) with i = 1, 2) can be defined
which have the property
Furthermore, for the parameters {θ, φ}, the choice that
will make both the function attain the same minimum,
Therefore, one can come to the optimal geometric threshold
Certainly, the optimal choice of α is α = π/4. Together with Eq. (B6), it can be verified that each pairs of the unit vectors are orthogonal,n i ·n j = 0, for i = j, i, j = 1, 2, 3.
If we still consider the case τ = I 2 /2 and a depolarizing channel ε(Ψ) = (1−η)I 2 /2+ηΨ, define three measurements,
there should be p(±|x) = p(±|z) = p(±|z) = 1/2 for the inputsΨ
x,y,z }) has a LHS decomposition. Introducing four unit vectorŝ
The assemblage { 1 2 ε(Ψ ± x,y,z )} can be decomposed as
From argument above, it is shown that the geometric threshold |r| opt max = √ 3/3 is tight since it has been obtained by an LHS assemblage. To show the above threshold is tight, we may use φ as the local hidden variable, and set ω(φ) = 1/(2π) for local states ρ φ = (I 2 + cos φσ x + sin φσ y )/2. Consider the case where τ = I 2 /2 and ε is a depolarizing channel ε(Ψ) = (1 − η)I 2 /2 + ηΨ, introducen = cos αx + sin αŷ for the input statesΨ ± = (I 2 ±n · σ)/2, let η = 2/π, and thus, the corresponding output is ε(Ψ ± ) = 1 2 (I 2 ± 2 πn · σ).
For simplicity, one can set α = π/2, and ε(Ψ ± ) can be decomposed with ρ φ . First,
with the probability
and the probability p(+|α, φ) = 
and the probability p(−|α, φ) = 2π 0 p(−|α, φ)ω(φ)dφ = 1/2. The above formula can be easily generalized to the case where α takes an arbitrary value. As a conclusion, one can show that the assemblage { . Therefore, the geometric threshold |r| max = 2/π is a tight bound.
Example II.-With a suitable basis, it can be assumed that r is along the direction ofẑ, and therefore, |r| = |r z |. According to the definition ofr, 
Because it is always possible to find a suitable basis such thatr lies alongẑ, the above two equations can be regarded as the general formulae for calculating the geometric threshold. It may be easily verified that the geometric threshold, which has been calculated with A(θ, φ, ξ) ∈ {−1, +1}, remains the same when a more general condition, −1 ≤ A(θ, φ, ξ) ≤ 1, is applied.
With a simple integration one can obtain |r| max = 1/2. Certainly, the above bound is tight. Under the condition that the input states and the target states are same,Ψ ± =Φ ± , and for the case where τ = I 2 /2 and ε is a depolarizing channel ε(Ψ) = (1 − η)I 2 /2 + ηΨ, the average fidelity is F avg = (1 + η)/2. When η = 1/2, from the pioneer work of Werner, it is a known result that the assemblage { 1 2 ε(Ψ(θ, φ)} admits a LHS model.
